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We demonstrate a method for modeling memristors (resistive random access memories) where the
filament is composed of a set of nanoscale or sub-nanoscale concentric cylinders, each having its
own conductivity. This approach allows for the inclusion of multiple state variables, which, we
show experimentally, can be used to control electrical behavior. The simulations accurately reproduce the current-voltage hysteresis loop as well as these more complex experimental behaviors
resulting from intricate switching histories. The simulations can be both static and dynamic, and
are based upon physical design parameters, so optimized values from simulation can be easily
C 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4901351]
linked to device design. V

Memristors or resistive random access memories
(RRAM) change their resistance in a non-volatile manner in
response to applied electrical signal.1,2 They are promising
as non-volatile memories due to excellent speed,3 size,4
power consumption,5 and endurance,6 but their electrical
behavior is novel in passive circuit elements and is therefore
unfamiliar to most circuit designers. Despite their relative
youth, these devices have already prompted significant interest and promise in applications such as threshold logic7,8 and
neuromorphic computing.9–11 In order to make progress in
developing these circuits and to create new circuits that utilize the novel properties of these devices, good computational simulators are needed. Although many memristive or
RRAM simulators exist,12–15 many of these simulators are
based on the idealized memristor equations16 and therefore
do not capture important features of real devices such as
thresholding17 and bounded resistance ranges.18 The authors
also are not aware of any model outside of full finite-element
simulation19 capable of incorporating multiple state variables
which have been shown experimentally20 to significantly alter device behavior. Additionally, convergence can be a
problem for some of the simulators, making the simulation
of large scale circuits (such as crossbar arrays) impossible.
Finally, an ideal simulator would be based on physical parameters so that optimal properties identified in simulation
can be communicated directly to the fabrication team to
accelerate real device, circuit, and system development.
Here, we present a computationally compact simulator based
on physical design parameters that is capable of reproducing
the complex switching characteristics that arise from complex switching histories.
A recent analytical model was developed that provides
the steady state solution for memristive switching as a function of applied power.21 The model also identified additional
state variables that can be used to control electrical characteristics such as the switching threshold.20 This steady state
approach has been validated for even the fastest data
recorded to date,21 so a time-varying output can be accurately calculated from a time-varying input signal by finding
a)
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the steady state solution at every step in time. This approach
greatly simplifies the simulation by eliminating both the
need to specify a time-dependence for the memristor
response and the associated integration required to calculate
the memristance.
The model consists of a set of concentric rings (referred
to as shells) as shown in Fig. 1. Each shell has its own resistance, and the total device resistance is calculated as the parallel sum of the individual shell resistances. Each shell has a
variable quantity that is meant to represent the concentration
of oxygen vacancies. The conductivity of each shell is calculated according to Eq. (1) from the concentration variable
and the applied voltage as a weighted sum of an Ohmic term
and a Poole-Frenkel term, which provides a nonlinear conduction mechanism22




pﬃﬃﬃ
C  Cmin
C  Cmin
aVeb V : (1)
r ¼ rsat
þ 1
Cmin
Cmin
In Eq. (1), rsat is the saturation conductivity, Cmin is
the minimum concentration (50 units), and a and b
are Poole-Frenkel coefficients. The Poole-Frenkel term

FIG. 1. Half of the top electrode is removed to show a conducting filament
modeled using concentric shells. Each shell has its own concentration and
therefore conductivity. The resistance of the device is calculated as the parallel sum of the shell resistances.
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neglects substantial self-heating effects and may not represent the correct physics, however, it is sufficiently representative for most applications; where other nonlinearity
mechanisms are preferred that they can be easily exchanged
in Eq. (1).23
In real devices, the concentration of oxygen vacancies
cannot exceed some saturation value which results in a corresponding saturation conductivity24 that can be measured
electrically via a hysteresis loop.21 In our simulations, we
normalized the conductivity of the Ohmic term to the saturation conductivity. The Poole-Frenkel term was fit to the completely switched OFF state with the concentration variable
set to the minimum concentration value,
pﬃﬃﬃ thereby identifying
the coefficients a and b in I ¼ aVeb V . The conductivity of
each shell is then calculated from Eq. (1), where the concentration variable C is allowed to vary.
Allowing the conductivity of each shell to change by
modulating its concentration value leads to resistance
changes in the device. Deciding which shells are allowed to
change, and by how much, is the primary objective of the
simulation. The analytical model described earlier provides
the limiting expressions for both ON and OFF switching by
specifying the minimum amount of power required to allow
switching. At powers less than those specified by Eq. (2), the
temperature inside the device is too low to allow for ionic
motion and no switching occurs. Equation (2) can be written
in a simplified form for ON and OFF switching in Eqs. (3a)
and (3b), respectively
P¼

ðTcrit  TRT Þ=R
;
rf2
rde

2ke do 8LWF Tc do2

(2)

PON ¼

Ar ðTcrit  TRT Þ
;
R  Rmin

(3a)

POFF ¼

Ar ðTcrit  TRT Þ
:
Rmax  R

(3b)

In the above equations, P is the applied electrical power and
R is the resistance. Tcrit is the critical temperature for ion
motion and TRT is the ambient temperature of the device. de
is electrode thickness, ke is electrode thermal conductivity,
do is thickness of the oxide insulator, rf is filament radius, rf
is the filament radius, rmax is the conductivity corresponding
to the saturation concentration, and LWF is the WiedemannFranz constant.

During ON switching, vacancies enter the filament in
the center (where temperature and therefore ionic mobility is
highest) until the central region saturates. Continued injection of vacancies forces the saturated region to expand, since
it is not possible for them to be incorporated in the already
saturated region. In the simulation, ON switching progresses
by increasing the number of saturated shells, starting from
the center, until Eq. (3a) is satisfied. If the power supplied is
less than the right hand side of Eq. (3a), then insufficient
power is being supplied to achieve thermal activation and to
allow ions to move. During OFF switching, if sufficient
power is supplied, the region of highest concentration
becomes thermally activated and the concentration of vacancies within that entire region decreases until the power is no
longer sufficient for continued switching. The condition for
OFF switching power is given in Eq. (3b). To summarize,
for ON switching, the number of saturated shells is incremented until Eq. (3a) is satisfied and for OFF switching, the
concentration of the group of shells with the highest concentration is decremented until the Eq. (3b) is satisfied.
For comparison to experiment, we used CMOScompatible TaOx-based RRAM devices.24,25 Values for
rmax , kE , and Tcrit were identified from fitting to the ONswitching data as in Ref. 21 and as shown in the inset of Fig.
2(b). The Poole-Frenkel a and b parameters were fit from the
OFF state. All other parameters are known from the fabrication process. All parameters are included in the simulation
code provided in the supporting information along with the
code used to extract them from the current-voltage data.26
As seen in Fig. 2, the simulation is able to reproduce the
current-voltage hysteresis loop with reasonable accuracy in
terms of the resistance values for ON and OFF states, the
threshold values for ON and OFF switching, and the range of
resistance states throughout switching. The data also also
shown in power-resistance coordinates which are the more
natural frame for Eqs. (2) and (3).
Three regions in Fig. 2 stand out as being inexact. The
first is the nonlinear conductivity of the OFF state. As
described earlier, the Poole-Frenkel mechanism may not be
the most appropriate physical mechanism and we have
ignored substantial self-heating, but this approach is simple
and sufficiently accurate for most applications. Second, the
negative sloping region at the start of ON switching is not
captured exactly. That region corresponds to increases in
concentration prior to reaching the saturation concentration
of the core region27 which is not included in this simulation.
That behavior can be included by allowing a group of core
FIG. 2. A current-voltage hysteresis
loop can be reproduced very accurately
using the shell-based simulator once
the device parameters are found (inset
of part (b)). The current-voltage traces
(a) can also be represented in powerresistance coordinates (b) that are
more natural to the equations used in
the simulation. The inset of part a
shows a conductivity profile during
OFF switching in simulation (blue
solid) and the core depression that is
expected in real devices (red dotted).
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shells to increase concentration gradually instead of proceeding immediately to saturation, but the additional steps add
computational time, and it is difficult to estimate the number
of shells that constitute the core. Third, the discrepancy during OFF-switching is due to an approximation made during
simulation; the simulation decrements conductivity uniformly, but in a real device the conductivity will decrease
from the center shells first20 and their concentration will stay
slightly lower than the rest of the filament. This concept is
illustrated in the inset of Fig. 2(a), where the radial conductivity profile is depicted for a simulated device (solid blue)
and device with decreased core concentration (dotted red) as
might be expected in reality. We refer to this difference as
the uniformly decreasing concentration assumption (UDCA),
and, although it leads to inexact OFF-switching behavior, it
is sufficiently accurate for most cases.
Interestingly, in both the simulation and the experiment,
there is noise during switching. During OFF switching, the
noise is controlled by the step size in the concentration variable, whereas during ON switching, it is controlled by the
size of the shell radius. In Fig. 2, there are 50 concentration
steps, which may be larger than in a real device, leading to
small noise in the simulation. The shell radius was set to 1
angstrom (approximately atomic scale), and the noise is

Appl. Phys. Lett. 105, 183511 (2014)

comparable to experiment, suggesting that the ON switching
noise may be related to the atomic nature of radius
expansion.
Demonstrating simple behavior, where the device is
cycled between consistent endpoints (as in Fig. 2), is a mandatory requirement of simulation but a main benefit of this
shell-based approach is the ability to rapidly simulate more
complex histories and behaviors. An example of this complex behavior is shown in Fig. 3, where partial OFF and ON
switching is used to create new features in the currentvoltage relationship. The conductivity profile of the filament
following each half-cycle is also provided as insets throughout the progression to show how the device configuration
evolves. In this example, a device with a particularly poor
UDCA was chosen to illustrate the limitations of our
approach. In parts (a) and (b), a simple hysteresis loop is
shown where thresholding and resistance values are accurately replicated, but the exaggerated upward curl during
OFF switching is not reproduced accurately because of the
poor UDCA. In parts (c) and (d), a complicated history is
developed by only partially OFF switching the device. Due
to the difference in OFF switching behavior caused by the
poor UDCA, the simulator required slightly higher voltage
to replicate the experiment but stills shows very similar

FIG. 3. Device behavior can depend
on complex histories. Parts (a) and (b)
show a simple hysteresis loop. Partial
OFF switching ((c) and (d)) followed
by partial ON switching ((e) and (f))
leads to a step in the conductivity profile (upper inset of (f)) which causes a
bump in the OFF switching ((e) and
(f)). Experimental data are shown in
the left column and simulation on the
right with the conductivity profile
shown as insets after every half cycle.
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behavior in at least a qualitative sense. Partial OFF switching
also leads to decreased nonlinearity seen in both experiment
and simulation. As shown in part (e), this complex history
leads to a change in threshold for ON switching and a clear
bump in the OFF switching experiment. Both of these behaviors are captured well by the simulator in Fig. 3(f).
These complex switching characteristics arise because
there is more than one state variable in both the real devices
and the simulator. The radius of the filament is allowed to
change but so is the conductivity of any region within that
radius. The conductivity of each shell is a state variable, and
so very intricate behavior can be created in real devices and
represented with shell-based simulation. These types of
effects can be used to store large amounts of information in
multi-dimensional information spaces20 or to control thresholds or learning rates in neural systems.11 The specific conductivity profiles for this series of configurations are shown
as insets in Fig. 3, but much more complicated profiles can
be created to provide more interesting electrical behavior. In
the case of the bump in OFF switching in Figs. 3(e) and 3(f),
the two-level conductivity profile in the top inset of Fig. 3(f)
is the important characteristic. During OFF switching, the
inner section starts switching first until its concentration
decreases to the level of the outer section. At that point,
more power is required before switching can continue so the
device is temporarily stabilized, leading to the bump in the
I-V loop.

Appl. Phys. Lett. 105, 183511 (2014)

Often the goal of a device simulation is not to generate
the current-voltage relation but to study the output waveform
for a given input waveform.28,29 An example is shown in
Fig. 4 where a sinusoid with increasing amplitude is used as
the input signal for an experimental curve in Fig. 4(a) and a
simulation in Fig. 4(b). The experimental current was measured using a 100 X series resistor. This experiment was done
at very slow timescales (10 s period) to illustrate the
steady-state nature of both the simulation and the experiment. As mentioned in the introduction, the equations used
in this model have been validated for the fastest data
recorded to date (1 ns) (Ref. 21) so higher-speed simulations are also possible, though they may require increasing
the value of the activation temperature slightly.
In summary, a modeling approach has been developed
for simulating memristor or RRAM electrical behavior based
on modulation of the oxygen concentration within a conducting filament composed of many concentric shells. This
approach is able to accurately reproduce simple electrical
behavior such as the current-voltage hysteresis loop and basic time-varying responses, but it is also able to reproduce
much more complicated behavior. By allowing the conductivity of each shell to vary separately, complex device histories and conductivity profiles can be generated which lead to
intricate characteristics that are observed in corresponding
experiments. Also, since any change or optimization in the
simulation is done by changing physical design parameters
such as thickness or thermal conductivity, optimized parameters from simulation can be communicated directly to
designers to help create a wide range of device properties,
electrical characteristics, and even systems level designs.
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FIG. 4. The steady-state simulator can be used to provide the output waveform for a time-varying input signal. A sine wave with increasing amplitude
is used as an input signal for an experimental demonstration (a) and a simulation (b).
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